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DIRICHLET SERIES CONSTRUCTED FROM PERIODS OF 
AUTOMORPHIC FORMS 

YASURO GON 


Abstract. We consider certain Dirichlet series of Selberg type, constructed from periods 
of automorphic forms. We study analytic properties of these Dirichlet series and show that 
they have analytic continuation to the whole complex plane. 


1. Introduction 

1 . 1 . Introduction. Let A: be a fixed natural number, F be a co-finite torsion-free discrete 
subgroup of S'L( 2 ,M). In this article, we consider certain Dirichlet series constructed from 
periods of automorphic forms for F of weight Ak. 

Let us recall the definition of periods of automorphic forms. For a hyperbolic element 

7 = ( ^ ^ € SL{ 2 , M), put Qry{z) = cz^ + {d — a)z — b. 

Definition 1.1 (Periods of automorphic forms). Let 5^ be a weight Ak holomorphic cusp form 
for F and 7 be a hyperbolic element in F. The period integral of g over the closed geodesic 
associated to 7 is defined by 

/■720 

( 1 . 1 ) a2k{7,9)= Q.yizf^~^g{z)dz. 

This integral does not depend on the choice on the point zq S El and the path from zq and 
720- 

It is known that these periods {ot2k{'l)9) \ 7 £ F:hyperbolic} determine automorphic form g 
uniquely, and can be expressed by the Petersson scalar product with relative Poincare series 
associated to hyperbolic elements. (Cf. Katok [6]) The relative Poincare series have been 
studied by several authors in connection with the problem of construction of cusp forms and 
choosing spanning sets for the space of cusp forms 54fc(F). 

Let Prim(F) be the set of primitive hyperbolic conjugacy classes of F. For a hyperbolic 
element 7 G F, put .^(7) be the length of the closed geodesic associated to 7 and iV(7) = 
exp(A(7)). 
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Definition 1.2 (Dirichlet series Hr(s; 5 )). For g S 5’4fc(r) and s £ C with Res > 1, define 

OO 

(1.2) 2r(»i9):= EAt(7,9)iV{7)-”' 

7 ePrim(r) rn=l 

7 €Prim(r) 


with 

(1.3) 


P2k{l,9) = 


«2fc(7,ff) 


26fc-3 sinh^^ ^(£(7)/2) 
This series is absolutely convergent for Re s > 1. 


In this article, we investigate analytic properties of Hr(s; g). Our main result is the following 
theorem. fTheorem l5.6p 


Theorem 1.3. Let T he a co-compact torsion-free discrete subgroup of 5L(2,M) and g £ 
S' 4 fc(r). The function Er{s-,g), defined for Res > 1, has the analytic continuation as a 
meromorphic function on the whole complex plane. Hr(s;g) has at most simple poles located 
at: 

(i) s = ^ — j ± irn [j £ {0,1}, n > 1) when k = 1, with the residue 




■{Tn^Tn\ 9 ), 


(ii) s = j±irr, 


{±2irn - j)i±2irn - j + 1) 

(j > 0, n > 1) when k >2, with the residue 


/i=max(0, J—2fc+l) 


(_l).(2.+.-3)(27-l) 

2fc-l 

n (±2fr„ - j + m) 

m=0 


There are no poles other than described as above. Here, {l/4 + r^}5^Q are eigenvalues of 
the Laplacian acting on L^(r\]HI), and {<Pn]'^=o is the orthonormal basis of 

L^(r\]HI) such that —y‘^{-^ + ■^)Tn = (1/4 + r‘^)Tn- Besides, we put d 2 j = y~‘^^o^nd 
define 




d2k-2 ■ ■ ■ ^ 2^0 


Tni 




d2k-2 ■ ■ ■ ^2^0 


Tn- 


To study the Dirichlet series Hr(s; g), we define certain functions 'I'r('S; g) also by using the 
periods of automorphic forms. We remark that if A: = 1, Tr(s; 5 ) is identified with the first 
variation of the Selberg zeta function for T in the Teichmiiller space of the Riemann surface 
r\]HI. (See [3]) Here, H is the upper half plane. 


Definition 1.4. For g £ S^kiL) and a fixed point s £ C with Res > 1, Put 


(1.4) 


^r{s-,g) 


E 

7EPrim(r) 


fi2k{l,9) 

^( 7 ) 













PERIODS OF AUTOMORPHIC FORMS 


3 


and the sum is absolutely convergent. Here, :the local higher Selberg zeta function of 

rank j associated to 7 and the polynomial Pj{s) G Z[2s] are given by 


(1.5) 

( 1 . 6 ) 


^ '+1 
Z^^Hs) := n (1 - ^^(7)"^^+™^)^' ^ (j e Z) 

m=0 


. X , ^Y 2 fc- 1 \ 
Pj{s) ■= U - j _ I) 


f 2 k + 3 - 2 

V J-1 



The higher Selberg zeta function of rank j (j G Z), defined by the following absolutely 
convergent Euler product (for Res > 1) 

00 

(1.7) zi.^\s):= n n 

7 GPrim(r) 7 GPrim(r) m=0 

is introduced and studied by Kurokawa, Wakayama and Hashimoto mu- For j G Z, this 
zeta function Z^\s) also has a meromorphic continuation to the whole complex plane. 

We show that analytic properties of Er{s;g) is reduced to that of 'kr(s; 5 ). (Propositions 
ED and 15.4p Thus we investigate analytic properties of 'kr(s; 5 ). We state the result on 
analytic properties of Tr(s; 5 ). 


Theorem 1.5. Let T he a co-compact torsion-free discrete subgroup of SL{2,M) and g G 
54fc(r). The function 'ifris^g), defined for Res > 1, has the analytic continuation as a 
meromorphic function on the whole complex plane. 'I'r(s; 5 ) has at most simple poles located 
at: ^ 

s = -±irn (n > 1 ). 

There are no poles other than described as above. 'I'r(s;g() satisfies the functional equation 
(1.8) Tr(l - s;5) = Tr(s;5). 

This theorem is proved by the resolvent type trace formulas. iTheorem 14.51) 


2. Preliminaries 


In this section we introduce basic objects and fix notations. 

2.1. The resolvent of the Laplacian. For an element 7 = ( “ ^ ) G SL{2,R) and a 
point z G H, put 

az -\-b . 

')z = -—, 3 [-i,z) = cz + d. 

cz -\- d 

Let X be a Riemann surface of type {g, n) with 2^ + n > 2 and P be a co-finite torsion-free 
discrete subgroup of SL{2,R) such that X = r\H. Here, El = {z G C | Imz > 0} is the upper 
half plane with the Poincare metric y~‘^{dx‘^-\-dy‘^). The group T is generated by 2g hyperbolic 
elements ... ,Ag,Bg and n parabolic elements Si,... ,Sn satisfying the single relation 

AiBiAf^Bf^ • • • AgBgA-^B-^Si • • • = e. 

Let k, i be two integers. A smooth complex valued function / on H is called an automorphic 
form of weight {2k, 2i) with respect to the group T if for any z G H and 7 G P, 


fiiz) = ji'j, z)'^^f{z). 
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An automorphic form of weight 2k is meant for that of weight {2k, Q). 

We remark that automorphic forms of weight {2k, 2i) correspond to tensors of type {k, i) 
on the Riemann surface X = r\B[. We denote by the Hilbert space of automorphic 
forms of weight {2k, 2i) with the scalar product 


( 2 . 1 ) 


Jr\m y 


For each integer k we consider the Laplacian 

( 2 . 2 ) = = 


ydx"^ dy"^ 


- 2V^ky-^ 
ox 


in the Hilbert space Here, dk = -§= = \ {-§^ + is consider as an operator 


from T-L^ to and 5^ = —y^ i® adjoint operator to dk in the scalar product 

m, acting from to H^, where ^ = \ {-^ — • The operator is self-adjoint 

and non-negative in Ti.^. We denote by Q.^{X) = S 2 k{^) the subspace ker = kerSfc in T-L^, 
consisting of holomorphic cusp forms of weight 2 k. 

Let us denote by Q^s^\z,z') the resolvent kernel of the Laplacian A^ on the upper half¬ 
plane H, i.e. Qi’‘\z, z') is the kernel of the operator (A^ + 3(5 — 2k){s — 1)) ^ for Res > 1. 
The kernel Q^^\z,z') is smooth for z ^ z' and is holomorphic in s on the whole complex 
plane. The kernel Q^s'^ has an important property that Qi^\az,az') = Qi^\z,z') for any 


cj e SL{2,] 
(2.3) 


and z, z' € 

ei”'( 


z,z ] = 


(k) 

. For k = 0 the kernel Ql ' is given by the explicit formula 

/ / 2n 

/ 2; — z 

2Fi( s,s;2s;1 - 


r(s)^ 

7rF(2s) 


1 - 


z — z 


z — z' 


z — z' 


where 2 Fi{a,h-,c-, z) is the hypergeometric function. 

We denote by Gi^\z, z') the resolvent kernel of the Laplacian A^ on the Riemann surface 
X, i.e. Gf^\z,z') is the kernel of the operator (A^ -|- |(s — 2k){s — 1)) ^ on the Riemann 

surface X = F\H. For Res > 1 and z 7^ 72:^7 G F, the kernel G^^ is given by the absolute 
convergent series 

(2.4) gW(z,z') = j;gi°)(2,72'), 

7Gr 

which admits term-by-term differentiation with respect to the variables 2; and z'. The kernel 
z') is smooth for z 7^ 'yz','y G F, admits a meromorphic continuation in s on the whole 
complex plane. 


3. The function 'I'r(s;g) 


3.1. Poincare series Fs^\z). Let F be as in the previous section. We introduce a certain 


Poincare series Fs^\z) constructed from a 2/c-th derivative of the resolvent kernel Q^^\z, z'). 


( 0 ), 




Definition 3.1. Put L 2 j = {yy ) 

Res > 1 by 


52 


dzdz' 


{yy')‘^F The function on El is dehned for 


( 3 . 1 ) 


{z) := L2k-2L2k-4 • • • L 2 L 0 (gW (^, z') - Q^ (^, /)) 
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where and are the resolvent kernels (I2.4p . (12.3p of the Laplacian on the Riemann 
surface X and on the upper half plane H respectively. 

Since Gs{z,z') admits term-by-term differentiation with respect to the variables z and z', 
we have 


(3.2) F^’^\z)= Y, L2k-2L2 k-A---L2 Lo{Qf\z,^z')) 

7 Gr\{e} 


From the assumption on F, we have F \ {e} = Fhyp U Fpar- Here, Fhyp and Fpar are the set of 
hyperbolic elements of F and the set of parabolic elements of F respectively. We also define 
two functions and on P for Re s > 1 by 


(3.3) 

Hf\z) 

Yl F2k-2L2k-A ■ 

■■L2Lo{QY\z,'yz')) 




^GFhyp 


z'=z 

(3.4) 

P^^\z) 

:= Y1 F2k-2L2k-4 ■ 

■L2Lo{Qf\z,^z')) 



O'^r'par 


By definition, we have + Ps^\ 

We collect fundamental properties of Pi^\ and by using the explicit formula 

(|2.3p for . 

Proposition 3.2. (i) The function Fs^\z) can he written as 


(3.5) 


Fi‘>W = (-IjP 

TT ^^ 


7 Gr\{e} 


X (r — 1 ) 


2 k^s—k 


1 1 F(s-|-A:) 

j(7; zY^ {z — 'yzY^ r(2s) 

2 Fi{s + k,s + k;2s;r) 


2 


with r = r(z, jz) = 1 — 


z — ^z 


. Two functions (z) and Pj^^ (z) have the same 


z — 'JZ 

expression by replacing F \ {e} with F^yp or Fpar- 
(ii) The Poincare series Fg^\z), H^\z) and Ps^\z) are smooth automorphic forms of 
weight 4k for the Fuchsian group F, i.e. Fs^\ Hs^\ Pg^'^ G 


(k) 

Proof. We show that for Fg . The other two case are quite similar, 
(i) It is sufficient to show that 


L 2 k -2 ■ ■ ■ P 2 P 0 Q® {z, z) 


(-l)^7r-iF(s + fc)2 
(z - P)2fc F(2s) 


(r- 1)2V-^2 Pi(s + A:,s 


-I- k;2s;r) 


(3.6) 
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with r = r(z, z') = 1 — 


z — z 


z — z' 


function /(r) = f(r{z, z')) with r{z, z') = 1 — 


. We prove the formula (j3.6j) by induction on k. For a smooth 
z — z' " 


z — z' 


, we can easily check that 


52 


dzdz' 


(yy') 


i\2k 


(7rvp/(’') 


{yy')‘^^ r + 2k 


= -2k 


(3.7) 


{z — 2 ;') 2 fc +2 r 

{yyT 


-Ak- 


[yy') 


.!\2k 


{z — 2 ') 2 fc +2 
(1 — r)^{r/"(r'' ' 


(1 -r)/'(r) 


{z — 2;')2fe+2 

Therefore, (12.3p : the explicit formula of Q^s\r{z,z')) gives 


— 1 12 1 ^ 

(z-z'y^ 


(f d\^T{s + nf 


T -h , / 

d ^2 dr}^T(2s + n) n! 

n=0 ^ ^ 


(3.8) 




So (|3.6p of the case A; = 1 is proved. Put 
(3.9) /,(^):=(_i)V-i(l-r)2V 


„^2fc„^i-fc^(s + A:)^ 


r( 2 s) 


Di. := -2k 


r + 2k 




2 Fi{s + k,s + k-,2s-,r), 
d? d 


(3.10) ='■ Dk,i +Dk,2 +Dk,^- 
Then we have only to show that 

(3.11) Dkfk{r)= fk+i{r). 

We observe that 

Dk,i fk{r) 

(3.12) = 2A:(-l)^+i7r-i(l - r^ir + 2A;)r^-^-^ 2 i^i(g + A:, s + A:; 2s; r). 

r( 2 s) 


Dk, 2 fk{r) 

= 4A:(-1)''+V"^^^Y(^^(1 - r)^ ^"^27^1(5 -k,s-k; 2s; r)] 

r(2s) r(s-A:)r(s-A: + l) 


T(s- A:)2 


r( 2 s) 


'^ 2 Fi{s — k, s — k + l;2s;r) 


= 4k{-iy\-\l - r)2V-"-i(s - fc) ^^" + ^^' 2 Fi(s + A:, s + fc - 1; 2s; r). 

r(2s) 


(3.13) 
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Dk,3fk{r) 

= -k,s- k-2s-r)] 


T{2s) 

r(2.) T{s-k + l)\,_,_, 


T{s-ky r(2s) 


2 Fi{s - k + l,s - k + l-,2s-,r) 


(3.14) = (-l)^+i7r-^(l - r)2V-^-i(s - fc)^+ A: - 1, s + A: - 1; 2s; r). 


r(2s) 


Therefore, we have 


\fc+i_-in + A:)^'' 




r(2s) 


Dkfkir) 


= 2k{r + 2k) 2^1(3 + A:, s + A:; 2s; r) + 4A:(s — k) 2 Fi{s + k, s + k — l;2s; r) 
(3.15) +(s — /c)^ 2Fi{s + A; — 1, s + A: — 1; 2s; r). 

We require a lemma for further calculation. 

Lemma 3.3. 


2 k{r + 2k) 2 Fi{s + k,s + k] 2s; r) + 4A:(s — k) 2 Fi{s + A:, s + A: — 1; 2s; r) 
+(s — A:)^ 2 Fi{s + A: — 1, s + A: — 1; 2s; r) 

(3.16) = (s + A:)^(l - r)‘^ 2 Fi{s + k + I, s + k + 1; 2s; r). 

Proof. To simplify the notation, we write 

2 Ti(a, b; c; z) = F, 2 ^ 1(0 ± 1, b; c; z) = F{a ± 1), 


2 ^ 1 ( 0 ,6± l;c;z) = F{b± 1), 2.^1 (a, l;z) = F{c± 1). 

We use the following contiguous relation (Cf. (9.2.4) in [8l p.242]); 

(3.17) {c-a-b)FP a(l - z)F{a + 1) - (c - b)F{b - 1) = 0. 

Let G{r) be the left hand side of this lemma to prove. 

By using the formula (|3.17l) for a = s + A: — 1, 6 = s + A:, c = 2s, we have 

G{r)= 2k{r + 2k) F{s + k,s + k; 2s; r) + 4A:(s — k) F{s + A:, s + A: — 1; 2s; r) 

+ (s — k)^ F{s + k — l,s + k — l;2s;r) 

= 2 k{r + 2k) F{s + k,s + k; 2s; r) + 4A:(s — k) F{s + A:, s + A: — 1; 2s; r) 

+ (s — A;) |(1 — 2k)F{s + A; — 1, s + A:; 2s; r) 

+ (s + A; — 1)(1 — r) F{s + k,s + k; 2s; r)| 

= {2A;(r + 2k) + (s + A: — l)(s — A;)(l — r)}T(s + A:, s + A:; 2s; r) 

+(1 + 2k){s — k) F{s + k,s + k — l]2s]r). 


(3.18) 
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By using the formula ()3.17l) for a = s + k, b = s + k, c = 2s, we have 
G{r)= [2k{r + 2k) + {s + k — l){s — k){l — r)}F{s + k,s + k] 2s; r) 

+ (1 + 2k)^—2kF{s + k, s + k;2s;r) + {s + k){l — r) F{s + k + 1, s + k;2s;r)'^ 

= (s + k){l — r) |(1 + 2k) F{s + k + 1, s + k;2s) 

(3.19) +(s +/c — 1) F(s + A:, s + A:; 2s; r)|. 

By using the formula (|3.17l) for a = s + A:, 6 = s + A; + 1, c = 2s, we have 
G{r)= (s + A:)(l — r)|(l + 2k) F{s + k + 1, s + k-,2s) 

+ (s + A: — 1 ) F{s + A:, s + A: : 2s; r)| 

= (s + A:)(l — r)|(l + 2k) F{s + k + l,s + k] 2s) — {2k + 1) F{s + A:, s + A; + 1; 2s; r) 

+ (s + A:)(l - r) F(s + A: + 1, s + A; + 1; 2s;r)| 

(3.20) = (s + A:)^(l — r)^ F{s + A: + 1, s + A: + 1; 2s; r). 

It completes the proof of the lemma. □ 

Let us complete the proof of Proposition 13.21 (i). By the above lemma and (I3.15p . we have 

(3.21) = (s + A:)^(l - r)^ 2 p’i(s + A: + 1, s + A: + 1; 2s; r). 

At last we have 


Dkfkir) 

= (- 1 )'=+V -^(1 - + + + fc + 1, s + A: + 1; 2s; r) 

r(2s) 

(3.22) =fk+i{r). 

By the assumption of the induction, (|3.6I) is proved. Finally, since -§^{'yz) = j{'y,z)~^, we 
have 


L2k-2L2k-A---L2Lo(Qf\z,^z')) 

7 Gr\{e} 

= ^ _ 1 r(s + A:)^ 

{z-iz)"^’^ r( 2 s) 

(3.23) X (r - l)2*^r"-*^2i^i(s + A;, s + A:; 2s; r) 


with r = r{z, yz) = 1 — 


z — 'yz 


z — ^z 


and L 2 j = {yy') ■ 

(k) 




dzdz' 


{yy')‘^G 


(ii) It is clear from the expression ()3.5p for Fg ' by using the following lemma 


□ 
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Lemma 3.4. For Q'yi^) — j{li “ 7^)? 

+ {d — a)z — b. 

Then the polynomial Q^yiz) satisfies the following formula for u € F. 

Q^{az) =j{a,z)~‘^ Q^-i^^{z). 

Proof Note that j{gig 2 ,z) = j{gi,g 2 z)jig 2 ,z) and {gz - gz') = j{g,z)-^j{g,z')-^{z - z') 
for 51 ,( 72)5 S 5L(2,M). By direct calculation, 

Q^(f7z) = j{'^,az){az - -faz) 

= j( 70 ', z)j{a, z)~^ ■ j{a, z)~^j{a, a~^-iaz)~^{z - a~^-faz) 

= j('7, z)~‘^ji'ya, z){j{-fa,z)j{a~^'ya, z)]~^{z - (T~^-iaz) 

(3.24) = j{a,z)~‘^Q„-i^„{z). 

So we have the desired formula. □ 


ik) 

3.2. Inner product formula. We study the scalar product {Fg fig) in detail. We firstly 
write down this scalar product as the sum over the hyperbolic conjugacy classes of F. Next 
we investigate the local term appearing in the sum, more concretely. 

Fising an explicit formula of Poincare series Fg^'^ in Proposition 13.21 we have the following 
formula for {Fs^\g). 

Lemma 3.5. Let Ll{T) be the set of the T-conjugacy classes in Fhyp, the hyperbolic elements 
ofV. We denote Pq be the primitive hyperbolic element for a given hyperbolic element P. Put 
= {2 G H I 1 < |z| < A^(Po)}. Here N{Pq) is the norm of Pq. Let r G 5L(2,M) such that 
tPot~^ = diag(A^(Po)^'^^, Then we have the following formula for {Fs^\g) with 

g G s^kiX), 

(-If f Lfi 

j y 

(3.25) = ^ mp\^- i)2fc jfc J^(T-^^)-^"5(r-l^)5^" 


Here, we write (z) = 




5 ( 7 ,z) 2 ^ (z — 7 z) 2 ^ 


f^^\r{z,'yz)) in Provosition \3.^ i.e. fg^^ 


is given by 

/f )(r(z, 7 z)) = (-l)*^ 7 r-iF(s + k)^r(2s)-\r - 1 ) 2 V"-SPi(s + k,s + k-, 2 s; r) 

z — 'JZ 
z — 'yz 


with r = r{z, 'yz) = 1 
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Proof. Set J- = r\EI the fundamental domain for T and Z{P) be the centralizer of P in F. 


IT 


E E 

PeH(r) cTez(P)\r 

E E 

PGW(r) a&Z{P)\T 


Ip 


Ip 


j{a ^Pa,zY^{z — a ^Paz) 


2k 


j{a, z)^^ j{P, azY^ {az — PazY^ 


fY\riz,a-^Paz))g{z)y^'^^ 


fY\r{az,Paz)) 


(3.26) 


xj(a,z) ‘^^g{az)y 


Ak 


dxdy 


Since j{a, z) z) ^ y = Im {az), the above expression equals 


(3.27) 


E E 

Pe-K(r) f7GZ(P)\r' 

PeH(r)' 


t{P) j{P,z)^'" {z-Pz) 


2k 


fW{r{z,Pz))g{z)y^^^ 


\^^j{P,z)^^ {z-Pz)^^'^ 


fY\r{z,Pz))g{z)y^^^. 


Here, we set Fp = UcrGZ(P)\r^ hyperbolic element P, there is a r G 5L(2,M) 
such that tPt~^ = Dp := diag(A^(P)^/^, A^(P)~^/^) with N{P) > 1 :the norm of P. Then 
Pz = T~^DpTZ and Dprz = N{P)tz. t{Fp) is a fundamental domain of the centralizer 
Z{Dp) = tZ{P)t~^ . There is a primitive element Pq such that P = Pq with n G N for P. 
Thus we can replace t{Fp) by Pq = {-^ S m | 1 < kl < ^{Pq)} the fundamental domain for 
the group generated by tPot~^ = Dp^. Note that j{T,z) = j{T~^, tz)~^ , then the proof is 
hnished. □ 

Let us investigate the local integral corresponding to a hyperbolic conjugacy class appearing 
in the sum (j3.25p in Lemma 13.51 

Definition 3.6. For P G P(F) and g G S' 4 fc(F), we define 

r 1 dxdy 


(3.28) /(‘l(P;s) = i)2t Y ? N(PP))gAz)y^'‘ 


y 


Here, is defined in Lemma 1331 and griz) = j{T ^,z) ^'^g{T ^z). 


-1 


So we have a paraphrase of Lemma 13.51 i.e. 


(3.29) 


(Pf),5)= / Fsiz)g{z)y 


4 ^ dxdy 


lr\H 


PeH(r) 


We claim that the local term Is^\P] g) is the multiple of the periods of automorphic forms 
over the simple closed geodesic associated to Pq. 
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Proposition 3.7. For P € P-iF), let Pq be the primitive element such that Pq = P with 
n G N. Then we have 




N{Po )’^-'2 


(3.30) 


iN{P) - l)2fc {N{Pq) - l)2fc-l “2A:(^0,ff) 
£ J.(k)( 47V(P)sin2 0 


{N{P) - 1)2 cos2 9 + {N{P) + 1)2 sin2 9 


sin 


ik-2 


9d9. 


Here, a 2 k{Po, 9 ) = 9{^)QPoi^)^^~^ dz is the period integral of g over the closed geodesic 

associated to Pq, which does not depend on the choice of the point zq and the path from zq 
and PqZq. The polynomial Qp^ is given by Qpq{z) = (z — Pqz) j(Po, z). 


Proof. By using the polar coordinate for z = ^ Fq = {z ^M.\l <\z\ < N{Pq)}, 




N{Pf 


{N{P) - l)2fc 


n l'fiPo) 


jj-2k -2kie r{k) f _ 4N(P) sin^ 9 _ 

' {N{P) - 1)2 cos2 9 + {N{P) + 1)2 sin^ 9 


X gr{Re^^)R^’^-'^ sin^^'^ ^ 

N{P)^ r ,(k)f 4iV(P)sin2 0 


Jo 


(3.31) X 


(iV(P) - l)2fc 

- r^Ho) _ 


{N{P) - 1)2 cos2 9 + {N{P) + 1)2 Sin^ 9 
sii/^-2 9d9. 


Let us consider the complex conjugate of the integral in the square bracket of the last formula. 
Put Zq = and use the fact that {z — N{Pq)z) j{Dp^, z) = [1 — N {Pq))N {Pq)~^P z, then it 
equals 

I'Dp^zo 


j 

J ZQ 


2k-l f N J N{PQf-^ 

Z gr{z)dz= ^ ' 


(1 - N{PQ)Yk- 


t/ 

J ZQ 


Qdp^{zY ^gr{z)dz. 


Recall that Dp^ = diag(A^(Po)^^^)-^(.Po) ^'^^) = pPop By using Lemma [3~il on QPo 
fact that g G S^kiF), the differential form satisfies that 

QTPoT-YzY^~^9Tiz)dz 


= QpYT-hY^-Y{r-\zY>^-^j{r-\zr^^9{T-^z)jiT-Yzrd{T-^z) 


-1 ...l2j/_-l. 


(3.32) =Qpoir z) g{T z)d{T z). 


So we have 


(3.33) 


pDp,^zo pT ^tPqt ^Zq 

/ QTPoT-Yzf^~^9Tiz)dz = QpYzf^~^g{z)dz 

JZf) Jr '^zc\ 


fPqzi 


QPoiY'^^ ^ 9 {z)dz 


with zi = t~^zq. The rest of the proof follows from the fact that the differential form 
QPo{zY^~^g{z) dz is holomorphic on H and (Po)-hivariant. Thus the period a2k{Po,9) is 
well-defined and the proof is hnished. □ 

Let us calculate the dehnite integral on 9 in (j3.30jl in Proposition 13.71 Then we have an 
explicit formula for lY\P]g) by the following proposition. 
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Proposition 3.8. Put 


(3.34) jW{P) = £ 


4A^(P) sin^ 9 


{N{P) - 1)2 cos2 9 + {N{P) + 1)2 Sin^ 9 


sin 


4fc-2 


9d9. 


Then we have 


4‘>(P)= 

(3.35) X2Fi(-(2fc - l),2t;2 - 2,»; ^ _ y)p)_i ). 

Proof. By definition, 


j(fc)(P) = (_i)*^l£i£±^ r(r-l)2V-^Fi(s + A:,s + A:;2s;r) sin^^-^ 
vr r(2s) Jq 


with 


r = r(0) 


4iV(P) sin^ 9 

{N{P) - 1)2 cos2 9 + {N{P) + 1)2 sin2 9 


AN{P) 

{N{P) - 1)2 cot2 9 + {N{P) + 1)2 


and 


{N{P) — l)^(sin0) ^ 

(Ar(P) - 1)2 cot2 9 + {N{P) + 1)2 • 


Substituting cot 9 


N{P) + 1 
N{P) - 1 


t, then we have r = r(t) 


41V(P) 1 

iN{P) + 1)2 1 + t2’ 


sin^ 0 


iV(P) + 1 

N{P) - 1 




and 


(r-l)2^ sin^*^-2 0dd = 


(iv(p) - i)^fe-i 1 

(A^(P) + 1)4'=-! (1 +t2)2fc 


Thus we have 


(3.36) 


( ..k-i HN{P)-ir-^ris + kr f ANjP) 

^ ^ ^ ^ ) TT(iv(p) + i)4fc-i r(2s) \{N{p) + iy 

1 , ..o„. 4iV(^) 


s—k 


Loo (1 + 


2 P 1 s + A;, s + A:; 2s; 


(A^(P) + l)2l + t2 


dt. 


Using the power series expansion of the hypergeometric function, we carry out the integral 
term by term: this is permissible by dominated convergence theorem. 
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Hence, 


(3.37) 


(3.38) 


(3.39) 


(3.40) 


( pk-i HN{P)-ir-W 4iV(P) 

" ^ ^ ^ ^ 7r(iV(P) + l)4fc-i V(^^(^) + 1)V 

P^T{s + k + nf / 4N{P) Vl dt 

r(2s + n) V(^(^) + 1)V ^7-00(1^^27+^ 


_ 1 (iV(P) - 1)4^-Y 4iV(7^) 

^ ^ - {N{P) + 1)4*^-! V (^(T’) + 1)^ 


TT 


s—k 


^ T{s + k + n)^ f 4N{P) _ 


n=0 

= (-1)^-4^ 


2/ yi ,r(s + n + A:-l) 

^ r(2s + n) V(^(1^) + 1)V r(s + n + A:) 

{N{P) - l)4^-4 / 4A^(P) ^ 

(Af(P) + l)4fc-4 V(iV(P) + 1)7 


,^r(s + /c-l + n)r(s + A: + n) 1 / 47V(P) V 

""^0 r(2^ + ^) ^V(iv(P) + i)2j 




_1 _ 1 {N{p) - 1)4^-^ f 4N{P) 


{N{P) + l)4fe-i V(iV(P) + 1)2 


S—k 


4N{P) 


T{s + k - 4 )T{s + k) ^ / 1 

- m - [s + k--,s + k,2s, ^ 


In the above calculation, we used the well-known formula; 


dt 


/-oo {i+t^r+^ 


7 2 „ 1 r(z/ -|- i) 

= 2 / COS^’' 9 de = 712 ^ 2^ 

7o 


r(>. + i)’ R‘=‘'>- 2 - 


We require a lemma on the hypergeometric series: 


Lemma 3.9. 


, , 1 , 4N(P) 

2 F 1 { s + k - -,s + k-,2s-, 


{N{P) + l)\ 

/ N( P) 2^+2fc-l 

= J 2Fi(2s + 2A;-l,2A;;2s;iV(P)-7. 

Proof. We use the following formula on quadratic transformations of the hypergeometric 
function (Cf. [H (9.6.5), p.251]): 


(3.41) 


27^1 


(«,« + ^;c; 




—2a 

2 F 1 


^2a, 2a — c -|- 1; c; 


l-v^l^ \ 

1 -|- Vl — z J 
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with I arg(l — z)\ < vr 
interval (0,1). Put a - 

(l 1 iV(P) - 

“ ^2 2N{P) + 1 ) ^ ^ 

2^1 (25 + 2 k-l, 2k- 2s-, N{P)-^) . 

This completes the proof. □ 

We evaluate the hypergeometric series in the above formula. 

Lemma 3.10. 



2 s + 2k — 1, 2 k-, 2s: 


1 - {N{P) - 1){N{P) + 1)-^ 
l + (iV(P)-l)(iV(P) + l)-i 


. Here, y/1 — z is meant the branch which is positive for real z in the 
= s + A; — ^,c = 2s and z = in (13.411) , then we have 


2 F 1 (2s + 2A: - 1,2 k-, 2s; N{P)-^) 


= (l-iV(P)-i) 


-1\-2A: 


r(2s) r(2s -1) 

ri9c 4- 94- — 1 ) ri9c — 91c\ 




(^-{2k - l),2k-,2- 2s; 


1 

1 - N{P) 



Proof. Set X = N{P) We have 

(3.42) 2p’i(2s + 2A:-l,2A:;2s;x) = (1 - - 1), 2s - 2A:; 2s; x), 

by the formula (Cf. [U (9.5.3), p.248]): 


2 Fi{a,b-,c-,z) = {1 - zy “ ^ 2 ^ 1 ( 0 - a, c-b-,c-,z). 

Next we use the following formula on linear transformations of the hyper geometric function 
(Cf. ig (9.5.8), p.249]): 


2 ^ 1 ( 0 ,6;c;z)= (1 - z) f a, c - 6; 1 + a - 6; 


r(c-a)r(6)' 


(3.43) 


+ (1 - ( c - a, 6; 1 - a + 6; 


l-z 
1 


r(c —6)r(a)^ ^’ ’ ' 'I —z 

Put a = —{2k — 1), b = 2s — 2k and c = 2s in (I3.43p . then we have 
2 Fi{-{ 2 k - l),2s - 2k-,2s-,x) 

(3.44) =(l-x)^"-^ ^,^ ^,, 2i^if-(2fc-l),2fc;2-2s; ^ 


r(2s + 2A:-l)r(2s-2A:)' 


1 / ’ 
1 — X ) 


By (j3.42l) and (|3.44|) . we have the desired formula. 
Let us complete the proof of Proposition 13.81 


□ 
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Note that r(2s + 2A: — 1) = vr i/ 222 s+ 2 fc 2 p^g -\-k — ^)r(s + k) by the duplication formula 
of the Gamma function. By the above two lemmas, we have 

\4fc-l / A TKTf \ s-k 


” ' ' ^ ' (Af(P) + l)"-i t(iV{P) + 1)V 


r(s + k - 5)r(s + k) f N{P) + 1 


r(2s) 

r( 2 s) 


V N{P) 
r(2s-1) 


2s+2fc-l 


Y N{P) 
\N{P)-1 


2k 


T{2s + 2k - l)T{2s - 2k) 
(l)fc-i r(2s-l) 


2 F 1 -{2k-l),2k]2-2s- 


1 


1 - N{P) 


-1 


(3.45) 


24fc-2 r(2s-2A:) 

XaFif-(2fc- l),2/c;2 -2s; 


{N{P) - 

1 


l-N{P)~^ 

So we get the desired formula. □ 

By Proposition 13.71 and Proposition 13.81 we obtain an explicit formula for Is^\p-,g), i.e. 




]c—± 
^ 2 


(- 1 ) 


N{Po)'^-^ 


r(2s - 1) N{P) 


24fc-2 (iV(Po) - - 2k) N{P) - 

X2Fi(-{2k-l),2k;2-2s-- 


N{P) - Y 

Theorem 3.11. For g £ 5'4fc(r) and a fixed point s £ C with Res > 1, we have 
(3.46) {FW,g)= [ FW{z)'^y^ 


4 fc dxdy 


lr\H 


y. 


PeHir) 


and Is^\p-,g) is given by 


/W(P;<7)=(-1)' 


Oi2k{Po,g) 


(3.47) 


r(2s-1) 

26 k -3 sinh2^-^(2-i logiV(Po)) r(2s - 2k) 

N{P) \ N{P) 
N{P) - 1 ) N{P) - 1 
r(2s- 1) 


XaFij -{2k - l),2k-,2- 2 s; 
= (- 1 )" 


N{P)- 


Oi2k{Po,g) 


26fc-3sinh2^-i(2-ilogiV(Po)) r(2s - 2k) 


(l-2fc),(2% / NjP) 

(2-2s),-j! \N{P)-lJ i N{P)-1 


(3.48) 


N{P) 


N{py 


The series 1)3.46^ is absolutely convergent. 

We can rewrite the above theorem by using local higher Selberg zeta functions of rank j 
(1 < j < 2k). Then, we find that the function 'hr(s; 5 ) in Definition 11.41 equals that the inner 
product in the above theorem, i.e. 

(3.49) 4/r(s;5) = (-l)"(i"?\5). 
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Theorem 3.12. For g £ 5 ' 4 fc(r) and a fixed point s £ C with Res > 1, we have 

PeHir) 

2k 


(3.50) 


E 


«2fc(7,5) 


7 Gp 1 ^(r) 2 ““^ ^(7) sinh (£( 7 )/ 2 ) 




ds 


Here, i{'y) = logN{^), z!:j'\s), the local higher Selberg zeta function of rank j, and the 
polynomial Pj{s) £ Z[2s] are given by 


(3.51) 


(3.52) 


oo 

= J] (1-7V(7)-(^+"*))^' 


j + m—1 


m=0 




i=j+l 


The series i3. 50\) is absolutely convergent. 

Proof. By (I3.46jl and (j3.48j) in Theorem 13.111 we have 

(-l)^Fi"),ff) 

E«w(v^ 


(3.53) 


E 

PGW(r) 




_ »2k{Po,g) _ __ 

26fc-3 sinh2^-i(£(Po)/2) ^ ^ \N{P) - 1 


N{py 


Here, we put „{s) = j) _ . The relation log(l - x) = - E£i ^ 

for |x| < 1 and the dehnition of .Z'pp(s) imply 


(3.54) 


iogz!?>) = ‘iff; iiv(p„) 

^ ^ m=0 k=l 


—k(m-\-s) 


Next, differentiating (I3.54p with respect to s, we find that 


1 


d 


logZ{()(s) = EE 


logiV(Po)ds 


(3.55) 


E 


1 


m=0 k=l 


^iV(Po)-"* = 


j -\- m — 1 


m 


N{Po) 


—km—ks 


k=l ^ 


( N{PoY 


(1 - ^'(^o)-'^)^’ 

We can easily check that 

r(2s-l) {l-2k)j-i{2k)j-i 


N{Po)'^ - 1 


N{Po) 


—ks 


Pj{s) = 


r(2s - 2 k) {j - 1)!(2 - 2s)j_i 


(3.56) 


= {j - 1 )! 


2 /c — 1 \ f2k + j — 2 


3 - 1 


3 - 1 


2k 

n (^s-*) 

i=j+l 


Substituting (|3.55p and (|3.56p into (I3.53p . we have the desired formula. The proof of conver¬ 
gence is assured by the following corollary. □ 
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Corollary 3.13. For g € S^ki^) cmd s G C with Res > 1, we have the following estimate. 


(3.57) 


^r{s]g) 



Here, Z^\s) (j = 1, 2, , 2k) are the higher Selberg zeta function of rank j for F, defined 
by the following absolutely convergent Euler products for Res > 1, 


OO 

(3.58) Z«'(»)= n 

7GPrim(r) m =0 


Proof. Firstly we estimate 02 ^( 7 ,S') for 7 G Prim(F) and g G S' 4 fc(F). Let r G S'L(2,M) 
such that r 7 r“^ = diag(A^( 7 )^/^, A^( 7 )“^/^). Take the point zq S IH such that t“^(zo) = i- 
Since the geodesic connecting i and iN{'y) is the imaginary axis, we have 

P^zq piN('y) 

a 2 k{ 7 ,g)= Q.y{z)^^~^g{z)dz= z‘^'^~^gr{z) dz 

J zq Ji 

fNi-y) 

= - 22^-1 sinh 2 '=-i(£( 7 )/ 2 ) (is) 2 '=-i g^{iy) d{iy) 

(3.59) = 2^-1 sinh2^-i(^(7)/2) / y^^gAw) ^ 

Ji y 

Therefore, we have 

r^ (" t ) fj 

W2k{l,9)\ < 22^-isinh2^-i(%)/2)(sup|Im(r-i(iy))2VT-'(iy))|) / ^ 

^y>0 ^ Jl y 

(3.60) < 22^-1 %)sinh2^-'(£(7)/2)||y2^sl|oo. 

Secondly in (j3.53|) . for s = a + it G C with u > 1 and a hyperbolic element P, 



From (I3.60p and (|3.61l) . we complete the proof. □ 


4. Analytic continuation of 'I'r(s;s') 

Hereafter, we assume that F is co-compact torsion-free, i.e. A is a compact Riemann surface 
of genus g >2 . 

4.1. A variant of the resolvent trace formnla. Since we assume that F is co-compact, 
the Laplacian Aq has no continuous spectrum on L2(F\EI). The eigenvalues of 

forms a countable subset of non-negative real numbers enumerated as 

0 = Aq < Ai < A 2 < • • • < An < • • • 

so that each eigenvalues occurs in this sequences with its multiplicity. 
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Let {ifn}n>o be the orthonormal basis of L^(r\H) such that (pn G C'°°(r\EI) and 4 Aq(^„ = 

XnP’n- Put Xn = 1/4 + for each n. Recall that is the kernel function of the operator 
(Aq — ;js(l — s))“^ on the Riemann surface X = r\]HI. 

Proposition 4.1. Let m G N and s ^ C be such that m>l and Res > 1, then the function 

has unique continuous extension to all 0 /(P/EI)^ and 

^ g {(, - 1)2 + 

Here the right hand side of this identity converges uniformly in {z,z') G (P/EI)^. 

Proof. Let s, a G C, Re s > 1, Re a > 1. We have (Cf. [U Theorem 2.1.2, p.46]) 

4 4 


00 f 

(4.2) Gf\z,z’)-G^^\z,z’) = Y,\ 

n=0 ^ 


'^Ais-ky + rl (a-i )2 + r 2 


ipn{z)Pn{z'). 


By differentiating (14.211 with respect to s, we have formally 
1 / 1 4 


(4.3) 


The series 


m! V 2s — 


is) -E 


U 2T^'^Az)Pniz'). 

{(S- 2 ) 


n=0 


E 


-,|(s-i)2+r2|"^+i 


n=0 2 

00 


T\h 


\Pniz)\‘ 


dxdyX 


rx2 


(4.4) 


E 




n=0 2^ 

converges absolutely since A~2 converges. The proof is hnished. See also Proposition 

4.2.1 in [2]. “ □ 

Proposition 4.2. Let m G N and s G C 6 e such that m > 2k + 1 and Res > 1. Put 
d 2 j = and d' 2 j = y'~‘^^Then 


1 / ^ rJ \ Tn 

^ [iht-2 ■ ■ ■ (hdo] [9^-2 ■ ■ ■ a(9;i (- 2J3Y *) ci ’ ( 2 . ^') 


E 


G„ {(«- 5)'-' + 


[52fc_2 • • • d2do]<fniz) [d2k-2 ' ' ' (^0• 


n=0 


Here the right hand side of this identity converges uniformly in {z,z') G (r\EI)2. 

Proof. Operate the differential operators on the both sides of (|4.ip . we have the desired 
formula (|4.5I) formally. The series 


E 


An K® “ 


n =0 ' 2 

oo 


'r\H 


[92fc-2 • ■ ■ d2do]'Pn{z) 


2 2 kdxdy\ 

y .9 


rX2 


(4.5) 


E 


4A2^ 




n=0 '2 > 

converges absolutely. The proof is finished. 


□ 
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Proposition 4.3. Let m G N and s G C 6e such that m > 2k 1 and Res > 1. Then 

1 rl \ m 

(4.6) 1 ■ 


lim ( — 
z'->- 2 \ 2s — 1 as 

Jk) 


^ L2k-2L2k-4-■ ■ L 2 LoQ^^\z, z') — 0, Z£ 


Proof. Put qf^Zjz') = L 2 k- 2 L 2 k- 4 -■ ■ L 2 LoQf\z, z'). By using (|3^ in the proof of 
Proposition 13.21 

(4.7) qf\z,z') = (-1)^ ^ {r - ^^y(2s) + fc, s + fc; 2s; r) 


with r{z, z') = 1 — 
p.257]): 


z — z 


z — z' 


and the formula (it can be derived from (9.7.5) and (9.7.6) in [SJ 


2Fi(s + /c,s + k\2s;r) 


r(2s) (1 ^^_2fc'^^ (-l)"(2/c-l-n)!(s-%(s-fc)„ ^^ 


r(s +A:)2 


n=0 


r(2s) ^ (s + k)n{s + k)f 


r(s — A:)2 nl{2k + n)l 


n\ 


log(l — r) + 2 ip{s + k + n) — '^{n + 1) 


(4.8) 


—'ijj{2k + n + 1) (1 — r)" for |r — 1| < 1, | arg(l — r)\ < tt. 


Here, {a)n = r(a + n)/r(a) and ipiz) = V{z)/T{z). Therefore, we have 


(4.9) 

Note that 

(4.10) 


(- 1 )' 

2k-l 

E 

n=0 


TT 


-1 


^s—k 


{z — z'Y^ 


-1 




(-l)^(2fc - 1 - n)!(s - k)n{s - k)n 
n! 


r(s + kY ^ k)n{s + k)j 


r(s — A:)2 n\{2k + n)\ 


log(l - r) 


+2V’(s + k -\-n) — Y{n + 1) — '0(2A: + n + 1) (1 — r) 


= {1 + (r _ i)Y-k 

2k 


n-\-2k 


E 

j=0 


s — k 

j 


(-1)^(1 -r)J+0((1-r)2^) (r^l-0) 


then we have (after some calculation, see also Proposition 3.1.3 in [2]) 


_1 2k-l 

4<‘>(4, /) = (-l) h^! ,'2>, { E “1 - T + - ’■) 


(2 - 2 ') 


3=0 


+0 ((l-r)2fc)} (r^l-0) 


(4.11) 
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with 

(4.12) aj{s) = -s-k^-{2i- l)k + i(i + 1)}, 


i =0 


1 


k-l 


(4.13) b{s) = -s-i{i + 1)} . 

We find that 


i =0 


Oj(l — s) = aj{s), degaj(s) = 2 j {0 < j < 2 k — 1 ), 
6(1 — s) = b{s), degb{s) = 4fc. 


So we have 

(4.14) 


f 1 dy+i ( 1 d^2fc+l 


= 0 . 


Therefore, if m > 2A: + 1 then we have 

(4.15) 

Here we used the fact 


lini ( _i_ —y^qi^){z z') = 0 

2 s-Ids) ^ ^ 


1 


(Z - 


(4.16) lim - -^(1 - r) = lim —--y-- = 0. 

z'^z{z-z'Y z'^z {z - Z'y{z - Z'Y 

This completes the proof. 

Proposition 4.4. Let m G N and s G C 6 e such that m > 2k + 1 and Res > 1. Then 

lim L2k-2L2k-4 • • • ^2-^0(— t; - 7 -r) Gi\z,z') 

z'^z \ 2s — 1 as/ 

= ^ L2k-2L2k-4---L2Lq{Qf\z,^z')) 

7Gr\{e} 


(4.17) 


Proof. By using Proposition 14.31 and interchanging the order of differentiation. 
By Theorem 13.111 and Propositions 14.21 and 14.41 we have the following formula. 

Theorem 4.5. Let g G 54 fc(r). Define d 2 j = y~'^^o-n-d put 




d2k-2 • • • 92^0 


(4.18) 

If m >2k + 1 and Re s > 1, then we have 

4 


dz ‘ 

Tn, ■■ = 


d2k-2 ■ ■ ■ d2do 


Tn- 


(4.19) 

with 


-i)‘E 




Tt {(s-i)2 + r2}™+i 


(4.20) ^'r(s;<?)= 


a 2 kh,g) 


sinh--i(£(y)/ 2 ) 


2k 




□ 


□ 
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4.2. Analytic continuation of g). We study analytic properties of 'I'r(s; g). By using 
Theorem 14.51 we have the following theorem. 

Theorem 4.6. The function ^r{s',g), defined for Res > 1, has the analytic continuation 
as a meromorphic function on the whole complex plane. 'I'r(s;g') has at most simple poles 
located at: 

1 

s = -±irn (n > 1 ). 

There are no poles other than described as above. '^r{s',g) satisfy the functional equation 

(4.21) Tr(l - s; 5 () = Tr(s; 5 (). 

Proof. By using Theorem 14.51 the left hand side of (|4.19l) is a meromorphic function of 
s G C and its poles are located at the points s = l/2±rn with order m + 1. Hence, 4'r(s; g) is 
a meromorphic function with at simple poles only at s = 1/2 ± r„. This completes the proof. 
□ 


5. Dirichlet series Hr(s;5) 

We study analytic properties of the Dirichlet series Hr(s; 5 ). We show that ^.^{s^g) are 
related to 'hr(s; 5 ) and find the relations between them. As a result, analytic properties of 
Hr(s; 5 ) are derived from that of 'I'r(s; 5 ). 


5.1. The difference of Tr(s; 5 ). We consider the difference of 'I'r(s; 5 ). 

Proposition 5.1. For 0 < / < 2A: — 1, 5 G 5 ’ 4 fc(r) and a fixed point s G C with Re s > 1, Put 


'^P{s;g) ■■= ^r(s;5), 

(5.1) 'hf+'5(s;ff) := ^{^^(s;^) - '^^(s + l;^)} (0 < I < 2k - 2). 

Then, we have 


(5.2) 


tP(s;5) 


E 

7 GPrim(r) 


_ «2fc(7;g) _ 

26fc-3^(^) sinh2^-i(£(7)/2) 



with 

(5.3) 



(j - 1 )! 


(T:') 


f2k + j-2- 

V J-1 


2k-l 

(2s 1 — i). 

i=j+l 


Proof. We prove by induction on h It is clear for I = 0. Let 


2k-l 


J=1 


(5.4) 
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with fj{s) = log Z^^\s). Firstly we note that 

X |(2s - 2fc + 2/ + l)(2s -2k + 21) -{2s + l- j + l)(2s + I 

= {j-m 




i=j+3 




i=j+3 


x|-2(2A; - l-j){2s) + {2k - I - j){2k - 1 + j - S/)}. 
Secondly by using the fact: 


(5.5) 


/i('S) - + 1) = 3- logZ(^)(s) - — logZ(^ ^)(s) 


ds 


ds 




—fc(s+l) 



= fj-i{s)- 


Thus we have 


(5.6) 


(5.7) 


F-y{s) — Fj{s + 1) 


pf{s + !)<! fj-i{s) - fj-i{s + 


2k-l 

E 

i=i 


+U-iy.{2k-i-j) 




i=j+3 


j - 1 

x|_2(2s) + (2A: - 1 + i - 3/)}/,_i(s) 

2k-l 

^pf{s + l)fj-l-l{s) 
i=i 

,,, , , J2k-l-l\f2k + j-2-1 

+ Y. {j-i)\{2k-l-j){ 


- i) 


j=i 


J - 1 


2k-l-2 

X II {2s + l-i)-[-2{2s) + {2k-l+j-3l)}fj-i{s). 
i=j+3 
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Let aj{s) be the coefficient function of /j_;_i(s) in the last formula. Then we have 


- 2-1 
- 1 


+ {j-2)\{2k-l-j + l) 

k-l-2 

(2s + Z-z) • |-2(2s) + (2A:-2 + j/--3/)} 


2 k-l 

(2s -\- 2 -\-1 

i=j+l 

2 k-l-l\f2k +j-2,-1' 

i - 2 y V J - 2 


- * 


2 k-l-2 
X 

i=j+2 
2 k-l-2 

( 2 s -\- 2 -\-1 — i ) 

i=j+2 


, ,,,'2k-l-l\ /'2k + j-2-l\ , 

(j-l)!( , )(2s + 2/-j + l) 


+ {j - 2)\{2k - I - j + 1) 


J - -L /V J - 1 
2A: - 1 - /2A: + j - 3 - / 


j-2 J\ j-2 


(5.8) 


x|-2(2s + /) + (2A:-2 + j 


We show that aj{s) is divisible by 2s + / . 


2 k-l-2 

a,(.)= n (2s + 2 + / 
i=j+2 


- 1 ) 


2 k-\-t' 




-2-i 


, ,,, , , j2k-\-l\(2k^2-2-l 

- 2 (,- 2 )!( 2 fc -;-, + !)( j ( ^^2 






+(j-2)!(2fc-!-i + l) 

2 k-l-2 


2 k-l-l\f2k + j -3-1 


(2s 2 1 — i) 

i=j+2 


(2s + 1 )y^ 


j-2 j-2 

{2k + j -3-l)\ 


{2k-2 + j- 1) 


[j-l)\i2k-j-l-l)\ 


- ^ 


i=j+l 


(5.9) ={2s + 1)pY^\s). 

At last we have 

2k-l-l 

(5.10) F^{s) - F^{s + 1) = {2s + 1) ^ pY^^fj_i_i{s). 

i=i 

This completes the proof. 

Lemma 5.2. For Q <l <2k — 1, we have 


W^9) = ^r(s + j;5) 

j=0 


□ 


(5.11) 
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with 

(5.12) 


[!■]( \ ^ 
cy{s) = - 


Y\{ 2 s+j-l + i) 

i=0 

i¥=j 


Proof. By the assumption of the induction on I, 

{ 2 s+ 1 ) 'hf+'l is;g) = 'hf’ (s; g) - 'hf' (s + 1 ; g) 

^ { 2 s+j + l){y + { 2 s+j-l){^,) 

= J](-l)'--^^r(s + j;5) 


j=0 


Z+1 


(5.13) 


{-iy{2s + l)yf) 

2^ 1+1 

1=0 n(2 s+j-i+i) 

i=0 


i+i 

U{ 2 s + j-l + i) 

i=0 


^T{s+j]g) 


This completes the proof. □ 

By using Theorem 14.61 Proposition 15.11 and Lemma 15.21 we have the following theorem. 


a2k{l,g) 


Theorem 5.3. For 0 < I < 2k — 1, the function 

(5.14) 4/fl(s;g)= 

with 


7 EPrim(r) 


26^-3 sinh^^ ^{i{'y)/2) 


^2k—l j X 

1 j=l 1 


pfis) = {j - 1 )! 


2 k-l-l\( 2 k + j - 2-1 


j -1 


3 - 1 


2k-l 


( 2 s + I 

i=j+l 


-1 


defined for Res > 1, has the analytic continuation as a meromorphic function on the whole 
complex plane. Tp (s; 5 () has at most simple poles located at: 

s = ^- j±irn {0 < j < 1 , n> 1 ), 
and its residue at s = 1/2 — j F irn is given by 

(-1)1(5.) 

-Ress=i/ 2 ±ir„^r(s; g) 


i 

n (± 2 ir„ — j + m) 

m=Q 

m^j 


(5.15) 


=4(-i)‘-;—fm—(*><?>?!!=>, 9) 


n (± 2 ir„ - j + m) 

m=0 


There are no poles other than described as above. Tp (s;( 7 ) satisfy the functional equation 
(5.16) tW(1-/-s;5) = '&P(s;5). 
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r 2 ^_ ^ jjl 

Next we introduce certain functions 'I'p ’ {s;g) for I < p < 2k — 1. 
Proposition 5.4. For g £ 5 ' 4 fc(r) and a fixed point s £ C with Res > 1, Put 

oo 

j=0 


(5.17) 

Then, we have 


(5.18) 




[2k-l,p\ 


E 

1=0 


is-,g)= 

7EPrim(r) 


is + j]g) (p>i)- 


a 2 k{'y,g) 


2®^-3.^( 7 ) sinlR^ ^{i('y)/2)ds 


■ log Z^^-^^+P\s). 


Besides, ^’^^(s;^) (1 < p < 2fc — 1) has the analytic eontinuation as a meromorphic 

function on the whole complex plane and has at most simple poles located at: 

s = ^-j±irn (j £ {0} UN, n £ N), 

and its residue at s = 1/2 — j dc irn is given by 

(5.19) g) E 

/i=max(0,l-2fc+l) (±2ir„ — j + m) 

m=0 

There are no poles other than described as above. 


(-D'TMfiU) 


2fc-l 


Proof. For a primitive hyperbolic 7 £ F, we have 


1 


i(t) = 


OO -j OO 00 / AT/ \ k' 

E^>o.7-(».9)^EE(^ 

1 d 


^W(7)"-l 


m +1 




3 

—ks 


iV( 7 ) 


-k{s+j) 


£( 7 ) ds 


logZf+i)(s). 


Therefore, we have (I5.18P . We can check that Tp ^ (s; g) is absolutely convergent for Re s > 
1 by the expression (|5.18p . By Theorem 15.31 Tp^ ^^.s the analytic continuation as a 

meromorphic function on the whole complex plane. Tp^ ^’^^(s; 5 ) has at most simple poles 
at s = - — j ± irn (j > 0, re > 1) by (j5.17p . We completes the proof. □ 


5.2. Dirichlet series Hr(s; g). Finally we have a paraphrase of analytic properties of 'I'r(s; g) 
in terms of the Dirichlet series Hr(s; g). 
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Definition 5.5. For g G 5'4fc(r) and s G C with Res > 1, define 


(5.20) 

with 


^r(s;5')= ^ 

7GPrim(r) m=l 

iV(7)-^ 


^2k{i,g)Y 

7GPrim(r) 


-iV(7)- 


hk{i,g) = 




26fc-3 sinh^^ ^(£(7)/2) 

Theorem 5.6. The function 'E-p{s',g), defined for He s > 1, has the analytic continuation as 
a meromorphic function on the whole complex plane. Hr(s; g) has at most simple poles located 
at: 

(i) s = ^ — j ± ivn [j G {0,1}, n > 1) when k = 1, with the residue 


(±2ir„ - j){±2irn - j + 1) 


g), 


(ii) s = i — j zb irn {j > 0, n > 1) when k >2, with the residue 


4(-i)‘+77‘77,9) E 




2fc-l 


/i=max(0,j-2fe+l) ]))[ (zb2irn — J + m) 

m=0 


There are no poles other than described as above. 

Proof. Put p = 2k — 2 in Proposition 15.41 and note that 


1 d 
£{'y) ds 


logZf (s) = £iV( 7 ) 


—ks 


NilY 


Then we have 

The proof is finished. 


Hr(s;5r) = 


k=l 

_ j [2k-l,2k-2] 


l-iV(7)- 

is]g)- 


□ 
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